THE AUSLANDER CONJECTURE FOR NIL-AFFINE 
CRYSTALLOGRAPHIC GROUPS 



DIETRICH BURDE, KAREL DEKIMPE, AND SANDRA DESCHAMPS 

Abstract. We study subgroups F in Aff(A^) = N xi Aut{N) acting properly discontin- 
uously and cocompactly on N. Here is a simply connected, connected real nilpotent 
Lie group of finite dimension n. This situation is a natural generalization of the so-called 
affine crystallographic groups. We prove that for all dimensions 1 < n < 5 the generalized 
Auslander conjecture holds, i.e., that such subgroups are virtually polycyclic. 



1. Introduction 

A classical crystallographic group is a discrete subgroup of Isom(M"'). Such groups act 
properly discontinuously and cocompactly on R". The structure of such groups is well 
known by the three Bieberbach theorems ([H], JE])- In fact, all these groups are finitely 
generated virtually abelian. 

As a generalization of this concept, one also studies affine crystallographic groups. These 
are subgroups of Aff(]R"') = M" x GL„(M) acting crystallographically (by which we will 
always mean properly discontinuously and cocompactly) on M". The structure of these 
affine crystallographic groups is not at all as well known as in the case of the classical 
crystallographic groups and two main questions have played a major role in the study of 
these groups: 

• In 1977 Milnor (^H]) asked whether any torsionfree polycyclic-by-finite group could 
be realized as an affine crystallographic group. And conversely 

• In 1964 Auslander conjectured (^) that any affine crystallographic group is virtu- 
ally solvable (and hence polycyclic-by-finite). 

It follows that a positive answer to both questions implies a complete understanding of 
the affine crystallographic groups. However, it has been shown that not all torsionfree 
polycyclic-by-finite groups do occur as an affine crystallographic group, thus answering 
negatively Milnor 's question (12], [El, |Zj)- 

On the other hand, Auslander's conjecture is still open and is only known to be true in 
dimensions n < 6 ([2], see also [T] for a survey on the Auslander conjecture). 

The negative answer to Milnor's question, suggests to consider more general classes of 
crystallographic groups (e.g. polynomial crystallographic groups as in J21)- In this paper 
we are considering crystallographic subgroups in Aff (A) for a simply connected, connected 
nilpotent Lie group N. Here N is diffeomorphic to some and Aff(A) = A xi Aut(A) 
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acts on via 

(1) {n, a) ■ m = nQ;(m) V {n, a) G Aff (A^), m E N. 

A crystallographic subgroup of Aff (A^) is a subgroup acting crystallographically on A^. We 
will call such a group a NIL-affine crystallographic group. 

The notation Aff(A^) makes sense, since this group is really the group of connection pre- 
serving diffeomorphisms of A^ for any left invariant affine connection on A^ (JSl)- In this 
sense, studying the NIL-affine crystallographic groups is really a very natural generaliza- 
tion of the affine crystallographic groups. Moreover, the analogue of Milnor's question does 
hold in this case: 

Theorem 1.1. (^Hl) Let T he a torsionfree poly cyclic- by- finite group. Then there exists a 
connected and simply connected nilpotent Lie group N and an embedding p : F — * Aff(A^), 
such that p(r) is a crystallographic subgroup of AS{N). 

Conversely, just as in the case of affine crystallographic groups, it is now very natural 
to ask whether every NIL-affine crystallographic group is virtually solvable: 

The generalized Auslander conjecture 1.2. Let N be a connected and simply connected 
nilpotent Lie group and let T C Aff(A^) be a group acting crystallographically on N. Then 
r is virtually polycyclic. 

We expect the answer to be positive since the question is closely related to the original 
Auslander problem. Note that a positive answer to this generalized Auslander problem 
would imply a complete algebraic description of the class of NIL-affine crystallographic 
groups, or stated otherwise, would provide a complete geometric description of the class of 
polycyclic-by-finite groups. 

We will prove this conjecture for all A^ with dimA^ < 5. Moreover, in the next section 
we will show how several concepts of classical affine geometry on M" can be translated 
to the nilpotent case, giving more indications of a close relation between the generalized 
Auslander conjecture and the original one and thus providing even more evidence for a 
positive answer. 

2. Subgroups of Aff(A^) not acting properly discontinuously 

In this section we generalize the criterium of [S] for the failure of proper discontinuity 
for certain subgroups in Aff(]R") to the case of subgroups in Aff(A^). This means that 
we follow on one hand very closely the construction given in [3^, but on the other hand 
really have to develop some basics for affine geometry in a nilpotent Lie group A^. Here we 
encounter new problems, because A^ will not be commutative in general. 

In establishing this criterium, we will exploit the structure of the linear parts of the 
affine motions involved. Let us make this more precise in what follows. 
Given a G Aut(A^), let a* denote the induced automorphism of the Lie algebra n of A^. We 
have the identification = n A^, expoa^ = aoexp and Aut(A^) = Aut(n). Denote by 

£: N xi Aut(A^) Aut(n) : (n, a) ^ 
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the projection oi g = [n, a) to its linear part i{g) = a*. Then we have for any g G Aff (A^) 
the vector space decomposition of n into a direct sum of £(5f)-invariant subspaces 

(2) n = n'{g)®n\g)®n+{g) 

where the spaces n~{g), n'^{g), n^{g) are determined by the following conditions. Their 
sum is n and all eigenvalues A of the restriction i{g)\n-{g) satisfy |A| < 1, all eigenvalues of 
K9)\n0{g) satisfy |A| = 1 and all eigenvalues of i{g)\n+(g) satisfy |A| > 1. The decomposition 
is not only a vector space decomposition but also a decomposition as Lie algebras. In fact, 
we will need that the subspaces n~{g), n^{g), n^{g) and the two direct sums 

(3) d'{g) = n-ig)(Bn\g) 

(4) 0+(^?) = n+((7)©n°((7) 

are Lie subalgebras of n. However, we will prove this in Lemma (2. 11 So we can also fix 
notations for the corresponding Lie subgroups of A^: 

N-{g)=exp{n~{g)) 

N^ig)=expin\g)) 

N+{g)=exp{n+ig)) 

D-{g)=exp{Vi-{g)) 

D+ig)=expid^{g)). 

Lemma 2.1. Let q be a n- dimensional real Lie algebra and a G Aut(0). Then there exists 
a basis (fi, . . . , f„) of Q such that a has the following block form with respect to this basis 












a = 





B 














where A G Mfc(]R) such that all eigenvalues A satisfy |A| < 1, B G Mi{W) such that all 
eigenvalues A satisfy |A| = 1, and C G Mm(R) such that all eigenvalues A satisfy |A| > 1. 

= span{t;i, ...,Vk} 

= span{t;fc+i, . . . , Vk+i} 

= spciia{vk+i+i, . . . , Vk+i+m} 

with k + l + m = n then the subspaces g~(Q;), 0°(a), S^(tt) and g^(«) ©0°(a), g+(a) ©0°(q;) 
are Lie subalgebras of q. 

Moreover, Q^{a) (resp. Q^{a)) is an ideal of g^{a) ©0°(q;) (resp. fl^(a) ©0°(a)j. 

Proof. The first assertion follows easily by using the real canonical Jordan form for a. Now 
let a = agdu be the multiplicative Jordan decomposition of a. Here as is a semisimple 
automorphism, a„ is a unipotent automorphism and agdu = cnuCHs. We have G 



4 



D. BURDE, K. DEKIMPE, AND S. DESCHAMPS 



Aut(g) since Aut(g) is a linear algebraic group. In fact, and a^J are represented by block 
matrices as above, 




















[I 





Cs 





Au \ 
5„ 

cj 



where the subscript s means that we take the semisimple part of the matrix, and the 
subscript u stands for the unipotent part. Note that 0^(a) = S^(as) for e = — ,0,+. We 
may assume that the matrices appearing in the representation of have diagonal form. 
Otherwise we may pass to the complexification of q where we can diagonalize. Now a 
direct calculation finishes the proof. Let us first check that the space f) = © 0°(«) 

is a Lie subalgebra of g. All other cases are analogous, f) is spanned by all eigenvectors 
corresponding to an eigenvalue A with |A| < 1. So, suppose that {vi, . . . Vk+i} is a basis of 
f) such that as{vi) = XiVi for all i (|Ai| < 1). For any Vi,Vj G P), we compute that 

as{[vi,Vj]) = [asVi,asVj] = [\iVi,XjVj] = XiXj[vi,Vj]. 

Now, clearly \XiXj\ < 1, from which it follows that G f), proving that f) is a Lie 

subalgebra of g. 

Checking that is an ideal of P) can be done similarly, which finishes the proof. □ 

To be able to generalize the ideas of , we must be able to talk about ajfine subspaces of 
A^. Therefore, we define a line in the Lie group A^ as a left coset of a 1-parameter subgroup. 
In other words, L = m ■ exp{tA) for some A G n with A ^ 0. We say that this line is 
parallel to the Lie subalgebra spanjA}. More generally, we have the following definition. 

Definition 2.2. For a Lie subalgebra [) C n we define an affine subspace of A^ to be any 
left coset of the form m ■ exp([)) (m G A^). We say that this affine subspace is parallel to f). 

Define the following two subsets of Aff(A^): 

Q = {ge AS{N) I dimn°((7) = 1, i{g)i„o^g) = id} 
QQ = {geQ\g.nj^n Vn G A^}. 

The elements of Q are called pseudohyperbolic, and Qq consists of fixed-point-free elements 
of Aff(A^) inside Q. We will study the action of a group generated by pseudohyperbolic 
elements. The following lemma is needed to be able to describe the behaviour of the action 
of a pseudohyperbolic element g and its iterates 

Lemma 2.3. Suppose that a G Aut(A^) satisfies the following condition: if 1 is an 
eigenvalue of a* G Aut(n) then its geometric and algebraic multiplicity coincide. Let 
e = Eig{a^:,l) be the eigenspace to the eigenvalue 1, and E = exp(c). For fixed n & N 
define a map Lp: N N by 

m I— >■ m~^na{m). 

Then there exists an m & N such that if{m) G E. This m is uniquely determined modulo 
E. 
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Proof. We prove the result by induction on the nilpotency class c of N. If N is abelian, 
i.e., for c—1 and N — R", we have 

(5) (fi{m) — —m + n + a{m) — {a — id) ■ m + n. 

Let (vi, . . . , Vn) be a basis of R" such that the first k vectors form a basis of E. Then a is 
represented by the matrix 

7 



a 



A 





where A e M„_fe(M) has no eigenvalues equal to 1. Hence the block matrices on the 
diagonal of a — id are and A — I, the latter being invertible. Hence the matrix equation 
[A — I)x + 6 = for any b G span{ffc+i, . . . , Vn} has a unique solution. This means that 
there is an m G such that the last n^k components of the vector (/^(m) = (« — id) -m + n 
are zero, i.e., such that (p{m) G E. Moreover the last n — k components of m are uniquely 
determined. Hence ii m' E N is another element satisfying (p{m') G E, then m — m' + e 
with some e E E. 

Now suppose that c > 1 and that the lemma is true for lower nilpotency classes. Let Z be 
the center of N and define Ip : N/ Z N/ Z by 



m ^ m~^na(m) ~ (m) ^na{rn) 



where a: N/Z N/Z given by m h- >■ a{m) is an automorphism of N/Z. (Here we use 
the bar to denote the natural projection ^/^)- Note that Tp is well-defined and 

that a satisfies the assumption of the lemma on the eigenvalue 1. Hence we can apply the 
induction hypothesis, and there is an m G N/Z such that (m)~^na(m) G EZ/Z C N/Z. 
Thus (for any given lift m of m) we may write 

rrr^na{rri) — eiZi 

with some ci E E and Z\E Z. It follows that for any z E Z 

(p{mz) = z~^m~^ ■ n ■ a{m)a{z) 

= m^^naim) ■ z~^a{z) 

= eiZi ■ z~'^a{z) 

= ei ■ z~^zia{z). 

Since a\z £ Aut(Z) satisfies the eigenvalue 1 condition of the lemma we can again apply 
the induction hypothesis, with N = Z and n = zi. Hence we find a. zq E Z such that 
ZQ^Zia{zo) E Er\Z. It follows that 

(p{mzo) = ei ■ z;^^Zia{zo) G E. 

The uniqueness up to E also follows by induction on the nilpotency class of N. □ 

Now, we apply this lemma to obtain some information about the action of a pseudohy- 
perbolic element. 

Proposition 2.4. For any g E fl there is exactly one g-invariant line Cg parallel to x\^{g). 
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Proof. A line being parallel to n^{g) is of the form m ■ exp{tA) with some m E N and an 
A satisfying vP{g) = spanjA}. It is (^-invariant if and only if there is a function s: M ^ M 
such that 

(6) g(m ■ expitA)) = m ■ exp(s(t) ■ A). 
Writing g = {n, a) and applying (P) we obtain 

g{m ■ exp{tA)) = n ■ a{m) ■ a(exp(tA)) 

(7) = n ■ a{m) ■ ex-pit A). 

Now, equating (jH)) to ((Tj) leads to m~^n-a{m) = exp{{s{t)—t)A), which is an element of the 
1-dimensional Lie group N'^ig) = exp{n^{g)). We conclude that there exists a gf-invariant 
line parallel to n^{g) if and only if there is an m G such that m~^n ■ a{m) G N^{g) (and 
then s{t) — t has to be constant). But this follows by Lemma (2.31 We have e = n^{g) and 
E = N'^lg). Moreover a satisfies the eigenvalue 1 condition. Hence there is an m G and 
some c G M with m~^n ■ a{m) = exp(cA) G N^{g). The line m ■ exp{tA) is gf-invariant and 
we have 

(8) g{m ■ exp{tA)) = m ■ exp((c + t)A) = m ■ exp{tA) exp(cA). 

Since m was unique up to N^{g), another choice of m yields the same line. Indeed, if 
m' = mrii with some ni = exp(ciy4) G N'^ig) then 

m' exp{tA) = mniexp{tA) = mexp((ci +t)A). 

Hence this line is unique. □ 

The proposition above does not only give us a (^-invariant line Cg, for any g E Q, but 
equation (jH)) shows that the action on any point x of this line is by means of a constant 
translation. We define the translational part T{g) of g hj gx = XT{g) (where x is any point 
X G Cg). It holds that T{g) 7^ 1 if and only if g E flo- For m G Z, m 7^ we have 

Cgm = Cg 

r{gn = r{gr- 

Let T{g) = log{T{g)) G n°((7). If g & ^0, then T{g) 7^ 0, and hence every x G '0^{g) has a 
unique decomposition 

X = X{x)T{g) + a{x) 

where A(x) G M and a{x) G n+(fi'). We call x G '0^{g) positive with respect to g E Qq, if 
A(x) > 0. We will write x >~g 0. 

Definition 2.5. Two elements gi,g2 G Qq will be called transversal, if 

n = n+((7i) © d+{g2) = d+{gi) © n+((?2). 
It is easy to see that gi,g2 € are transversal if and only if 

n+((?i) © n+((72) © {-O+igi) n d+{g2)) = n 
and dim(d^{gi) n ^+(5(2)) = 1. 
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Let 

Sg, = {xed+igi)nd+ig2) \xyg, 0} 
Sg, = {xeZ>+{gi)nd+{g2) Ix^g, 0}. 

Definition 2.6. For two transversal elements gi,g2 G we say that they form a positive 
pair if Sg-^ = Sg^ . 

For g note that Cg = m ■ N°{g). 
For any a; G let 

B+{x)=x-N+{g). 

We will also use 

E^ = m-D+ig) = Cg-D+ig) 
E- = m-D-{g) = Cg-D-{g). 

Note that u+((7) is a Lie ideal in 'i>'^{g) by Lemma I7!T1 Hence N~^{g) is a normal subgroup 
in D^{g). Since the intersection of N~^{g) and N^{g) is trivial, every element x G D^{g) 
can be written as 

with unique elements G N^{g) and ra^ G N'^{g). Let x G -E^. Then it is easy to see 
that -Bp^(x) n Cg consists of exactly 1 point: if x = m ■ n°n+ and Cg = m ■ N^{g) then 

m ■ = X ■ (n^)^"*^ 

is this point. Thus we can define a projection 

by the equality B^{x) f\Cg = {Pg{x)} for x G E'^ . The subgroup N^{g) is a-invariant, 
where = (n, a). Therefore, if x = m ■ ■nPri^ G E'^ then 

(9) P3((7x) = m-n°r((?) = P3(x)r((7). 

We are now ready to prove the obstruction criterium to proper discontinuity. 

Proposition 2.7. Assume that (71,(72 G VLq form a positive pair. Then there exists a 
compact set K d N and two sequences {sj}, {ti} of positive integers such that 

lim Si = lim ti = 00 and (g^^"g2K) fl K 7^ 0. 

i— >oo j— >oo 

In particular, the subgroup of AS{N) generated by gi and (72 does not act properly discon- 
tinuously on N . 

Proof. The last part follows from the group theoretical argument given in jH], Corollary 
2.3. It is independent of our generalization. 
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Choose a norm ||-|| on n. It defines a left-invariant metric d on A^. 
Take a pseudohyperbolic element g E VLq and use the notations introduced above. If 
X = m ■ ■ = Pg{x) ■ G E'^ and A; G N, then 

d{g-^x,Pg{g~^x)) = d{g'^x,Pg{x)T{g)-') 

= d{g-\P,{x)-n+),P,{xMgr') 
= d{g-\P,{x))a-\n-^),P,{x)r{g)-') 
= d{P,{x)T{g)-'a~\n^),P,{x)r{g)-') 
= d{a-\n+),l) 

since the metric is left-invariant and g^^{ab) = g^^{a)a^^(h) for all a,b & N. Using the 
fact that d{exp{A), 1) < ||y4|| we have 

d{a-\n^),l) < ||log(a-'=(n+))|| 

= ll«;'(log(n+))|| 

<ce-'''=||log(n+)|| 

for some constants b,c> only depending on a^. (Use that has only eigenvalues 

A of modulus |A| < 1). Thus we have 

(10) d{g~'x,P,{g-'x)) < ce-^'=l|log(n+)|| 

for all A; G N and x G E^. 

Fix a point m{g) on Cg and write Cg = m{g)N^{g). Let 

R{g) = {m{g)r{gy | < t < 1}. 

For every x G E^ there exists a unique integer k(x,g) such that Pg^g'^^^'^^x) G R{g)- 

Write E+ = m{gi)D+{gi) and E+ = m{g2)D+{g2). We claim that E+ n E+ is not 
empty. To show this, we use the following lemma which can be easily proved by induction 
on the nilpotency class of n. 

Lemma 2.8. Suppose that n is a nilpotent Lie algebra which is the sum of two subalgebras: 
n = a+b. Let N = exp(n), A = exp(a) and B = exp(b). Then the map (p: A x B ^ N , 
(a, b) (— > ab is surjective. 

Since gi,g2 form a positive pair we have n = 9"*" ((71) + ^"'"((72). Hence by Lemma EH we 
may write Tn{gi)~^m{g2) = mim2 with mi G D~^{gi) and 1712 G D~^{g2). Then 

Eg^ = 'm{g2)D^{g2) = m{gi)m{gi)~^m{g2)D^{g2) 
= m{gi)mim2D^ {g2) = m{gi)miD^{g2) 

so that m{gi)mi G E'^^. On the other hand, m{gi)mi G E^^. Hence we have found an 
element 

Xq = m{gi)mi G ^j; H 
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Now choose a F e D'^{gi)riD+{g2) such that V and V 0. Let v = exp(y). Fix 
an element Xq G fl as above. Then we have for all i > 

Xi :=xo-v' e E+nE^^. 

Let Si := —k{xi,gi) and := —k{xi,g2). We will make the computations for 5(1 and the 
numbers Sj. The argument for g2 and the numbers ti is the same. 

Let Vi e n°(g'i) be so that V = Vi + W, where e tT+(5fi). Since is positive with 
respect to gi we have Vi = AiT((yfi) where Ai > 0. Let Vi — exp(Vi). Note that v — Vi ■ w 
for some w G N^{gi): we can write 

log('i;i • w) = log(vi) + log('u;) + Wi 

with Wi e n'^(gi), since n+(g'i) is a Lie ideal mn^{gi)®n^{gi) and ^ = 14 + 1^. It follows 
that = v{ ■ W2 for some W2 G N^{gi). 

We want to compute Pg^i^g^Xi) for any /c G Z. We have 

(Of course ai denotes the Aut(A'")-part of gi). There exists a ^3 G N'^{gi) such that 

a\{v') = a'l{{v^y)a'liw2) = vl ■ Ws = r^g^f^'w^ 
since Vi = XiT{gi). Writing Xq = m{gi) ■ ■ there exists a W4 G N~^{gi) such that 

g'[{xo) = gi{m{gi) ■ n°)Q;J(n+) = m(c/i)n° • t(^i)'= • ^4 
where nP — T{giY° G N'^{gi). So we obtain that 

= mig,)Tig^^+'^-^'^\ 

This lies in R{gi) = {'m{gi)r{giy | < t < 1} if < tq + \ii + k < 1. In this case k is the 
unique integer k{xi, gi) = — Sj with this property. Hence we have < ro + Xii — Si < 1 for 
all i > 1 and 

(11) lim - = lim < ^ > 0. 

i— >oo Si i-»oo To + Xii Ai 

Write = Pgj^{xi)-nf G i^^'^ with G iV"'"(5(i). We have =a;o-i'* = m(5fi) 
Let (1^1, . . . , Wn) be a basis of the nilpotent Lie algebra n^{gi). Using Mal'cev's theorem 
we can find polynomials pi{i), . . . ,Pn{i) such that 

n+.v'^ T^^^'eMPii^}Wi + ■ ■ ■+Pn(i)Wn). 

Hence = exp{pi{i)Wi + • • • + Pn{'i)Wn)- So there exists a polynomial P{i) such that 

||log«)||<P(z). 
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Using (Uni), (HH) and 6, Ai > we obtain 

< lim d{g-'^x,,Pg,{gl''^x,)) < lim ce-''^ilog(n+) || 

< lim ce~^^^'P{i) = 0. 

It follows that 

lim d{g^''Xi, R{gi)) = 0. 

«— »oo 

Hence there exists an upper bound Mi for all these distances. Thus, the compact set 

Ki = {xeN \ d{x, R{gi)) < Ml} 

contains all g^'^^Xi. 

We can obtain in the same way a bound M2 for the distances to R{g2), and define the 
compact set 

K = {xe N \ d{x, R{gi)) < Mi} U {x E N \ d{x, R{g2)) < M2}. 
Clearly gi^'Xi G -ftT, g2^'^Xi G K and gi^'Xi = igi^'g2)92*'Xi, so that 

gi'^gi^KnKj^(d 

for all Si and tj. 

□ 

3. Subgroups of Aff(A^) for two-step nilpotent 

In this short section we show that the generalized Auslander conjecture reduces to the 
ordinary one if is two-step nilpotent. Indeed, if A^ is two-step nilpotent, a faithful affine 
representation 

A: Aff(A^) = AT X Aut(A^) Afr(M") 
was constructed in Theorem 4.1 in |TT]. This representation satisfies the following: 

• Let i: N Aff (A^) be the embedding given hj n ^-^ {n, id). Then, the composition 
X o i: N — s> Aff(]R") defines a simply transitive action of A^ on M". For n E N, 
X G M" it is given by 

n-x = X{n,id){x) G M". 

• A maps the subgroup Aut(A^) of Aff (A^) into the subgroup GL„(R) of Aff (R"). It 
follows that for every a G Aut(A^) and for the zero vector G M", we have that 

A(l,a)(0) = 0. 

The following proposition yields the desired reduction of the generalized Auslander con- 
jecture to the ordinary one: 

Proposition 3.1. Let N be a simply connected, connected 2-step nilpotent Lie group. 
Assume that T < Aff(A^) acts crystallographically on N. Then T also admits an affine 
crystallographic action on R" . 
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Proof. Let A : Aff(A^) Aff(M"') be the faithful representation mentioned above. As A 
lets act simply transitively on MJ^, the evaluation map 

n ■ 



: N 



n 



is a diffeomorphism. 

Now, Aff (A^) acts on A^ (via (n, a)-m = na{m) as before) and on (using A(n, a)). We 
can check that e„ is an Aff (A^)-equivariant map, i.e. the following diagram is commutative 
for any (n, a) e Aff(A^) 



N 



(n,a)- 



(n,a)- 



N- 



Indeed, let m & N, then 

(n, a)-et,(m) = X{n,a){m-0) 

= X{n,a){X{'m,id){0)) 

= A(na(m), a)(0) 

= X{na{'m),id){\{l,a){0)) 

= X{na{m),id){0) 

= ev{na{m)) 

= ey{{n, a) ■ m) 

Using this commutative diagram it is now easy to see that a subgroup F of Aff(A^) acts 
crystallographically on A^, if and only if it also acts crystallographically (and affinely) on 
W. □ 



4. The conjecture in low dimensions 

In this section we prove that the generalized Auslander conjecture is true in dimensions 
n < 5. We have to deal with three cases. In the first case, the automorphism group of A^ 
is already virtually solvable. Then Aff(A^) is clearly virtually solvable, and hence all its 
subgroups r are virtually solvable. In the second case, A^ is 2-step nilpotent. Then the 
claim follows from Proposition 13.11 If neither the first case nor the second case applies to 
A^, the claim is more difficult to prove. We have to make an appeal to the results of section 
121 However, in dimension < 5 there is only one Lie group A^ for which this problem arises. 

Theorem 4.1. Let N he a simply connected and connected nilpotent Lie group of dimension 
n with 1 < n < 5. Let T < Aff(A^) act crystallographically on N . Then F is virtually 
polycyclic. 

Proof. It is enough to show that any such F is virtually solvable. Let n be the Lie algebra 
of A^. All nilpotent Lie algebras of dimension n < 3 are nilpotent of class < 2. If dimn = 4 
then n is either of class < 2 or isomorphic to the generic filiform Lie algebra U4 : [xi, X2] = 
X3; [xi,X3] = 2:4. As the derivation algebra of 1x4 consists of lower-triangular matrices with 
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respect to this basis, it is solvable. We can conclude that Aut(A^4), where iV4 = exp(n4), 
is virtually solvable, which finishes the argument in dimension 4. 

In dimension 5 we use the list of all nilpotent Lie algebras as given in [2] • It consists of 6 
indecomposable Lie algebras 05,1, . . . , 35,6 and 3 decomposables. The algebras 05,1, 55,2 and 
two of the decomposable ones are nilpotent of class < 2. The derivation algebra of the other 
decomposable one, namely Der(n4©M), and the derivation algebras Der(g5^3), Der(g5^5) and 
Der(05 g) are clearly solvable. Hence it only remains to consider the Lie algebra 

n = 05,4 : [xi, X2] = X3; [xi, xs] = X4; [x2, X3] = X5. 

This is the free 3-step nilpotent 2-generated Lie algebra of dimension 5. Let = exp(n) 
and assume that F < Aff(A^) acts crystallographically. Assume furthermore that F is not 
virtually solvable. Then also the image of F inside Aut(n) under the map 

i: N >} Ant{N) ^ Aut(n) 

is not virtually solvable. We will show that this leads to a contradiction. 

A simple calculation shows that, with respect to the basis xi, . . . ,^5, Aut(n) consists of 

matrices of the form 













\ 
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where 7 = ai/32 — /?i«2 is the determinant of the 2 x 2-matrix in the left upper corner (the 
entries denoted by *'s are also determined by the first two columns, but they do not play 
a role in what follows). Consider the homomorphism p: Aut(n) GL2(M) given by 

It follows that p(£(F)) is not virtually solvable, because i(T) is not. Hence, by Tits' alterna- 
tive p(£(F)) contains a non-abelian free subgroup Fi. But then, its derived subgroup F2 = 
[Fi, Fi] is also a non-abelian free subgroup of p{£(T)), satisfying F2 C [GL2(M), GL2(M)] = 
SL2(M). It is well known that for any free non-abelian subgroup F2 C SL2{M.) there exists 
an element g & F2 such that g has no eigenvalues of modulus 1 (see P). Thus there exists 
a gi E T such that p{i{gi)) G F2 and p{£{gi)) has no eigenvalue of modulus 1. We denote 
the eigenvalues of p{i{gi)) by A and 1/A, with |A| > 1. It is easy to see that there is a basis 
{A, B, C, D, E) of n with brackets [A, B] = C, [A, C] = D, [B, C] = E such that 
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Using the notation of the decompositions and Q we find that 

n\g,) = {C), n^g,) = {A,D) 
d+ig,) = {A,C,D) 

This shows that T{gi) = aC for some non-zero a. By rescahng our basis vectors, we may 
assume that T{gi) = C. 

Besides our fixed element gi G F, we now choose an element /i G F such that p{i{h)) G F2 
and p{£{h)) does not commute with p{i{gi)) (this is possible since F2 is free and non- 
abelian). We then consider g2 = hgih^^. It follows that {p{i{gi)) , p{i{g2))) and hence 
(£((71), £((72)) are free groups. Note that the automorphism i{g2) has exactly the same 
eigenvalues as i{gi)- Then there exists a nonzero element of the form a A + (3B such that 

£{g2){aA + (3B) = X{aA + (3B) mod {C,D,E) and e{g2){C) = C mod {D, E). 
Here we have /5 7^ 0, otherwise {i{gi), i{g2)) would be a solvable group. Note that 

e{g2){aD + (3E) = ^{g2){[aA + (3B, C]) 

= [i{g2){aA + (3B)4{g2){C)] 
= [X{aA + (3B),C] 
= X{[aA + /3B,C]) 
= X{aD + (3E). 

It follows that dimn°(5'2) = 1, dimn"'"((72) = 2, so there exist scalars a,P 7^ 0,'j,S,e, p,!^ 
with 

n°((?2) = {C + pD + uE) 

n+(^2) = {aD + PE, aA + pB + -fC + 5D + eE). 

This implies that 

n = n+(^i) ©n°(^2) ©n+(^2) 
= n+((?i)©n°((7i)©n+((72). 

It follows that gi and g2 are transversal elements. (Note that gi and g2 act fixed-point- 
free because {gi,g2) is a free group and hence torsionfree.) Hence '0~^{gi) H '0~^{g2) is a 
1-dimensional vector space. We want to show that we can find a positive pair, so that our 
desired contradiction follows prom proposition 12.71 Let V & {gi) (1 ^^((72) be a non-zero 
vector. This implies that there are scalars k, I, m and r, s, t such that 

V = kA + lC + mD 

= r{aA + I3B + + 5D + eE) + s{C + pD + 7E) + t{aD + (3E). 

Since /3 7^ we have r = k = and s = I. For / = we would obtain V = 0, hence we 
have / 7^ 0. 
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As T{gi) = C, the semiline Sg-^ consists of those V = IC + mD with / > 0. On the other 
hand, T{g2) = ^(C + + '-yE) for some non-zero ^. We distinguish two possibihties: 

• If ^ > 0, then it is obvious that Sg^ = Sg^ and hence gi and g2 form a positive pair. 

• However, if ^ is negative, we can start all over again and consider the pair gi and 
g2^. As T{g2^) = —T(g2), we obtain that in this case 5"^-! = Sg-^ and hence gi and 

g2^ form a postive pair. 

□ 
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